We analyze the growth effects over space arising from the adoption of new agricultural technology in a rural-urban setting. We use a dynamic model to study the impacts of technology and learning on the steady state growth rates of rural and urban regions that produce agricultural goods. New applications of agricultural technologies are tested and adopted in the rural region and they are gradually learned by the urban region. Our analysis leads to four results. First, we determine the steady state growth rate of agricultural output per worker in the rural region.
Introduction

Preliminaries and objective
The rural versus urban distinction has accurately delineated the economic landscape for much of human history. Indeed, as noted by Irwin et al. (2010) , the Industrial Revolution gave rise to a number of technological innovations in production and transportation that resulted in production moving out of homes and into large factories. In addition, labor-saving technologies in agriculture and scale economies in manufacturing led to the movement of large numbers of people and to the emergence of industrial cities.
With the passage of time, cities and urban regions more generally have grown to dominate the economic landscape in most nations of the world. As such, urban regions now are generally considered to be dynamic, they display relatively rapid rates of economic growth, they are industrial, and they are often technologically more advanced. In contrast, rural regions are generally viewed as being not as dynamic, they are frequently agricultural, they display slow economic growth rates, and they are technologically backward.
Regional scientists have been interested in studying rural and urban regions in Europe at least since the seminal works of Christaller (1933) and Losch (1954) . However, when studying this topic in contemporary times, they have pointed frequently to rural-urban disparities in metrics such as education (Jordan et al. 2014) , health (Hall et al. 2006) , and income (Yamamoto 2008) . This focus has led regional scientists to address questions pertaining to the viability of rural regions as independent entities in the face of ever increasing urbanization and the above noted rise of cities.
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Even though regional scientists have historically conceptualized rural regions as frequently stagnant and more backward than urban regions, it is important to understand that at least in many of the so called Organization for Economic Cooperation and Development (OECD) countries, this conceptualization is flawed. In fact, the work of Ward and Brown (2009) , Korpela et al. (2010) , and Skelhorn et al. (2014) clearly tells us that in many OECD nations, rural regions are energetic and vibrant places because of, inter alia, a low population density, a re-profiling as dynamic tourist centers, an abundance of natural landscapes, the influx of less conventional people, and a clean, healthy, and safe environment.
Despite the energy and the vibrancy of rural regions, Ward and Brown (2009, p. 1237) are surely right when they point out that " [r] arely are rural and urban areas, and the complex flows and relationships which bind them together, considered in an integrated and holistic way." Given this state of affairs, we would now like to emphasize two points. First, to the best of our knowledge, there are virtually no theoretical studies that have examined one or more linkages between rural and urban regions in an analytically meaningful manner Second, we are also unaware of any theoretical studies that have modeled rural regions as active and economically thriving areas and not as "lagging regions."
See Alberto and Glaeser (1995) , Bettencourt (2013) , and Kourtit et al. (2015) for additional details on this point.
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Three recent studies have addressed rural-urban-spatial economic interactions. Hodge and Midmore (2008) point out that the spatial diversity of rural economies and the high level of dependence of the countryside on urban economic activity call for appropriate and comprehensive modeling efforts. They offer several examples of how such efforts might proceed. Next, Mayer et al. (2016) argue that rural entrepreneurs with linkages to urban areas may act as a countervailing force to economic polarization in cities. Finally, Tacoli (2003) claims that rural-urban linkages have become an essential part of livelihoods and production Given this lacuna in the literature, our basic objective in this paper is to use a dynamic model to analyze the effects of new technological knowledge adoption and learning on the steady state or long run growth rates of rural and urban regions that produce agricultural goods. We use agriculture as the economic activity that connects the rural and the urban regions. We explain why we focus on agriculture specifically in section 1.2 below. New applications of or innovations in agricultural technological knowledge are developed in the rural region and these technologies are gradually learned or copied by the urban region.
7 Our analysis leads to four results. First, we derive the steady state growth rate of agricultural output per worker 8 in the rural region. Second, we define an urban to rural regional agricultural technology knowledge ratio, examine its stability properties, and then use this ratio to ascertain the steady state growth rate of agricultural output per worker in the urban region. Third, for specific parameter values, we study the ratio of agricultural output per worker in the urban to the rural region when both regions have converged to their balanced growth paths (BGPs). Finally, we discuss the policy implications of our analysis.
The focus on agriculture
Recall that our primary goal in this paper is to conduct a dynamic analysis of rural-urban linkages when the source of this linkage is the gradual transmission of new technological systems to such an extent that the resulting economic landscape is neither rural nor urban. We stress that there is no overlap between these three studies and our paper.
7
We are using the term "agricultural technological knowledge" in a generic sense. Depending on the context, this term can encompass a whole host of practical applications of technologies and farming methods including but not limited to different methods of irrigation, fertilizer application, fruit picking technologies, and precision crop management. In this regard, the reader should note that the new applications or innovations we have referred to in the text of the paper concern these methods and processes. For instance, in the case of precision crop management, the new applications or innovations could be about new and/or different ways of using remote sensing by satellite or unmanned aerial vehicles to deliver spatial data in a timely manner via the internet to farmers.
8
In the remainder of this paper, we shall use the words "laborer" and "worker" interchangeably.
knowledge about the production of a certain good from the rural to the urban region. We know from the work of Irwin et al. (2010) and others that rural regions in OECD countries now produce a whole variety of goods. However, it is not possible to obtain analytic results with a dynamic model in which there are a large number of goods. Therefore, in the interest of analytical tractability, we have decided to focus on one good that is produced in both the rural and in the urban regions of our stylized aggregate economy.
The next question involves determining what kind of good we ought to be working with.
In this regard, note that even though rural regions in OECD countries are now diversified in the sense that they typically produce many goods in addition to agricultural goods, agriculture continues to be a salient activity in many of these regions. In fact, a recent OECD research report (OECD, 2010, p. 8) clearly states that " [w] hile there are differences among OECD countries in the economic contribution of agriculture in rural areas, in most cases the sector remains the principal user of rural land." More specifically, this point has been emphasized for the disadvantaged southern regions of Italy by Capitanio et al. (2011) , for rural regions in Hungary by Nemeth (2004) , and for rural areas in Romania by Bucur (2015) . Given this overwhelming recognition of the importance of agriculture in the rural regions of OECD and other European nations and because there is now a burgeoning literature that documents the increasing significance of agriculture in a variety of urban regions, 9 we have decided to focus on an agricultural good in our dynamic model of an aggregate economy consisting of stylized rural and urban regions. Put differently, if one has to work with a single good on grounds of analytical tractability then we claim that it is eminently reasonable to work with an agricultural good.
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See Barthel and Isendahl (2013) , Draus et al. (2014) , Opitz et al. (2016) , and Grebitus et al. (2017) for a more detailed corroboration of this claim.
The remainder of this paper is organized as follows. Section 2 describes our theoretical model of a rural and an urban region that is adapted from Krugman (1979) , Grossman and Helpman (1991) , and Batabyal and Nijkamp (2014) . Section 3 derives the steady state growth rate of agricultural output per laborer in the rural region. Section 4 first specifies an urban to rural region agricultural technology knowledge ratio, then examines this ratio's stability properties, and finally uses this ratio to ascertain the steady state growth rate of agricultural output per laborer in the urban region. Section 5 first provides values for certain parameters in our model and then this section uses these values to analyze the ratio of agricultural output per laborer in the urban region to agricultural output per laborer in the rural region when both regions have converged to their BGPs. Finally, section 6 concludes and then discusses possible extensions of the research described in this paper.
The Theoretical Framework
The aggregate economy of interest in this paper is made up of a rural and an urban region. We index these two regions with the subscript where , . The subscript denotes the rural region and the subscript denotes the urban region. The two essential factors of production or inputs in each of the two regions at any time are environmental capital and labor . These two factors of production are used either in the agricultural technology sector or in the final good sector. As noted in section 1, the final good in both the rural and the urban region is an agricultural good. 10 To keep the subsequent mathematical analysis manageable, we suppose that there is no growth in the stock of labor , , . The present knowledge
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In addition to input from workers or laborers, the production of agricultural goods requires, inter alia, land, soil, water, and micro-organisms in the air and in the soil. Together, these items constitute what Dasgupta (1996, pp. 389-390) calls the "environmental resource-base." He has pointed out that "the environmental resource-base should be seen as a gigantic capital stock" (Dasgupta, 1996, p. 390) . It is this idea that we are utilizing here when we refer to the first factor of production as environmental capital.
about the agricultural technology available in the two regions at any time is denoted by .
The proportion of the stock of labor in the rural region that is employed in the agricultural technology sector is denoted by . Therefore, 1 is the proportion employed in the agricultural final good sector.
Before we proceed further, let us briefly discuss whether it is true that there is very little innovation in agriculture that flows out of rural areas. Garcia et al. (2013, p. 2) Finally, a recent OECD policy note about rural regions contends that rural regions are to be viewed as "engines of national prosperity" (p. 4) in part because technological breakthroughs are likely to lead to "product innovations in agriculture, forestry, mining…" (p.
6). Given these findings in the extant literature, we conclude that innovations of all kinds, including agricultural innovations, have and can continue to flow out of rural regions.
The production functions denoting the outputs of the agricultural final good in each of the two regions are given by
where denotes the output and the value of the agricultural final good in region , ∈ 0, 1 is a parameter of the production function, and , . The equation of motion describing the temporal evolution of the stock of environmental capital in the two regions under study is given by ,
where ∈ 0, 1 is the time-independent savings rate in region and , . The reader will note that consistent with the contents of footnote 10, equation (2) 
and 0, ,
where 0 is a parameter and is the proportion of the stock of labor in the urban region that is engaged in learning or copying the agricultural technology of the rural region. From this description, it should be clear to the reader that 1 is the proportion of the stock of labor in the urban region that is employed to produce the agricultural final good. Finally, observe that because there is no growth in the stock of labor in our model, and are time-invariant. With this theoretical framework in place, we now proceed to determine the steady state growth rate of agricultural output per worker in the rural region. 
Output Growth in the Rural Region
The model of the rural region that we have just delineated in section 2 can be thought of as a variant of the regular Solow growth model 12 that has been comprehensively discussed in textbooks such as Romer (2012, pp. 6-48) . Therefore, we deduce from equation (3) that the growth rate of knowledge about agricultural technology in the rural region is given by
11
Given our primary objective (see section 1.1), the theoretical framework we have just discussed is appropriate because of four reasons. First, this framework allows us to capture a salient technological linkage between a rural and an urban region in a straightforward manner. Second, this linkage and the underlying framework explicitly recognize the fact that the rural region of interest is not a lagging region. Third, this linkage and the way in which we model the evolution of knowledge about the relevant agricultural technology in the two regions permit us to obtain an analytic solution. Finally, this analytic solution allows us to shed light on the policy implications of our research. It is this kind of theoretical framework and analysis that is missing in the existing literature in regional science.
12
A related model is described in Batabyal and Beladi (2017) . ,
which is time-invariant. Now, adapting a well-known result from the Solow model---see Romer (2012, p. 19)---to our problem, it is straightforward to confirm that the steady state growth rate of the output of the agricultural good per worker in the rural region is equal to the growth rate of knowledge about the agricultural technology and this is given by equation (6). Our next task has two parts to it. First, we stipulate an urban to rural region agricultural technology knowledge ratio and then study this ratio's stability properties. Second, we utilize this ratio to determine the steady state growth rate of the output of the agricultural final good per worker in the urban region.
Agricultural Technology Knowledge Ratio and Output Growth in the Urban Region
Let us define Ρ ≡ ⁄ to be the urban to rural region agricultural technology knowledge ratio that we wish to study. In order to examine the stability properties of this ratio, it will be necessary to first find a mathematical expression for Ρ as a function of the ratio Ρ and the parameters of our model. To do so, we begin by differentiating the defining expression for Ρ with respect to time . We get Ρ .
Let us now substitute the expressions for and from equations (3) and (4) in equation (7) and then simplify the ensuing expression. This gives us
The next step is to substitute the definition Ρ ≡ ⁄ in equation (8) 
Now, to examine equation (9) in greater detail, it will be necessary to draw the phase diagram implied by this equation. We do this in figure 1. Inspection of figure 1 leads to four
Figure 1 about here
results. First, we see that the mathematical relationship between Ρ and Ρ is linear. Second, the intercept term on the vertical or Ρ axis is 0. Third, the slope of this linear relationship is negative and equal to . Finally, observe that equation (9) and the phase diagram in figure 1 are not relevant when 1 Ρ . This is because equation (5) clearly tells us that 0 whenever . Figure 1 tells us that the graph of equation (9) 
Observe that the ratio in the right-hand-side (RHS) of equation (10) is made up of terms that are all time-invariant and therefore, consistent with our observation in the preceding paragraph, it follows that Ρ * itself is time-invariant.
Let us now use equation (10) to determine the steady state growth rate of agricultural output per worker in the urban region. The time-invariance of the urban to rural region agricultural technology knowledge ratio tells us that in the steady state, knowledge about agricultural technology in the urban region must be growing at the same rate as the knowledge about agricultural technology in the rural region. This result and the fact that our theoretical framework is a modified version of the Solow growth model together indicate that in the steady state, the agricultural economy of the urban region is also a Solow type economy in which the learned or copied knowledge about agricultural technology grows at the time-invariant rate given by . Comparing this last finding with equation (6), we see that the steady state growth rate of agricultural output per worker in the urban region is identical to the analogous growth rate in the rural region.
The discussion and particularly the last result in the previous paragraph lead to two noteworthy policy implications. First, this result indicates that even though the urban region is technologically less adept than the rural region, from the standpoint of economic growth, patience on the part of policymakers in the urban region will yield dividends. What we mean by this statement is that in the steady state, both regions grow at the same rate and hence no growth enhancing policies will be required to improve the efficiency of urban agriculture in the long run.
Second, the proportion of the stock of labor in the urban region that is responsible for learning or copying the agricultural technology of the rural region or has no effect on the steady state growth rate of the urban region. Hence, attempts by policymakers in the urban region to stimulate economic growth by moving workers from the agricultural final good sector to the sector responsible for enhancing knowledge about the urban region's agricultural technology by learning or copying the technology of the rural region, will be futile.
We now proceed to our final task in this paper. To this end, we first provide specific values for certain parameters in our model. Then, we use these values to analyze the ratio of agricultural output per worker in the urban region to agricultural output per worker in the rural region when both regions have converged to their BGPs.
Agricultural Output per Worker Ratio and Balanced Growth
Let us begin by stipulating the particular values that we shall be using for some of the parameters in our model. The specific values are .
The first parametric stipulation in equation (11) indicates that the proportion of the stock of labor in the rural region that produces agricultural technology knowledge is the same as the corresponding proportion in the urban region that is responsible for learning or copying the agricultural technology knowledge of the rural region. The second parametric stipulation in equation (11) informs us that the savings rates in the rural and in the urban regions under study are equal. There are two reasons for making these parametric stipulations. We want to keep the following mathematical analysis tractable and, in addition, we want to obtain definite results.
To continue the analysis, let us think of the expression as technologically enhanced labor in the rural region. Next, let us divide the production function for the agricultural final good in the rural region given in equation (1) by the above described expression for technologically enhanced labor. This gives us .
To express equation (12) 
We are now in a position to utilize the methodology delineated in Acemoglu (2009, pp. 26-71) to infer that on the BGP, the equality * * must hold. This equality implies that the equilibrium values of the environmental capital to the technologically enhanced labor ratios in the rural and in the urban regions must be the same. Let us now take the time derivative of the defining expression ≡ ⁄ and then substitute equation (2) for the rural region in the ensuing expression. After some steps of algebra, we get .
1 .
Recall that the steady state growth rate of agricultural output in the urban region is given by . Using this piece of information and a process similar to that utilized in the derivation of equations (12) through (15) gives us the equation that is the equivalent of equation (15) 
We can now use the parametric stipulations given in equation (11) to express the differential equations in (15) and (16) 
Inspection of equation (18) reveals that the urban to rural region agricultural technology knowledge ratio on the LHS is equal to the urban to rural region ratio of agricultural output per laborer on the RHS.
The analysis in section 4 leads us to deduce that in the steady state, the urban to rural region agricultural technology knowledge ratio converges to the stable and time-invariant value Ρ * given in equation (10). Using equation (10) to substitute for the agricultural technology knowledge ratio ⁄ in equation (18), we obtain
The term in the denominator of the ratio on the LHS of equation (19) is clearly positive.
Knowing this, it is straightforward to confirm that the entire ratio on the LHS is less than one.
This result leads to three policy implications.
First, we see that in contrast with the result obtained in section 4, agricultural output per worker in the urban region is now always less than agricultural output per worker in the rural region. Second and once again in contrast with what we discovered in section 4, on the BGP, the urban to rural region agricultural output per worker is a function of or the proportion of the labor stock in the urban region whose task is to ameliorate knowledge about the agricultural technology in this region by learning or copying the technology of the rural region. Finally, all other things being equal, the larger is the proportion , the more closely aligned will the timepath of agricultural output per worker in the urban region be with the corresponding time-path in the rural region. This concludes our discussion of new technological knowledge, rural and urban agriculture, and steady state economic growth.
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Conclusions
In this paper, we used a dynamic model to study the impacts of agricultural technology on the steady state economic growth rates of a rural and an urban region. Applications of or knowledge about new agricultural technologies were developed in the rural region but improvements in agricultural technology applications in the urban region were the outcome of learning or copying from the rural region's technologies. Our analysis contributes to the extant literature in regional science in four ways. First, we ascertained the steady state growth rate of agricultural output per worker in the rural region. Second, we defined an urban to rural region agricultural technology knowledge ratio, examined its stability properties, and then utilized this ratio to figure out the steady state growth rate of agricultural output per worker in the urban region. Third, for particular parameter values, we analyzed the ratio of agricultural output per worker in the urban region to agricultural output per worker in the rural region when both regions had converged to their BGPs. Finally, we commented on the policy implications of our research.
The analysis in this paper can be extended in a number of different directions. Here are four suggestions for extending the research described here. First, consistent with an observation of Hodge and Midmore (2008) and Ward and Brown (2009) discussed in section 1, it would be useful to introduce at least one rural-urban linkage in addition to agriculture to determine the extent to which these additional linkages can be studied in an analytically meaningful manner.
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To the best of our knowledge, the results and the policy implications we have discussed in the penultimate paragraph of section 4 and in the last paragraph of section 5 are new. Therefore, they cannot be directly compared to findings in the extant literature. In addition, the novelty of our results and the stated policy implications together mean that we do learn something that we did not already know.
Second, it would be helpful to study the ways in which land use changes in rural regions stemming from increasing urbanization in adjacent regions affects the sustainability of agriculture and other economic activities in rural regions. Third, following the work of Mayer et al. (2016) , it would be meaningful to study spatial disparities between rural and urban regions that arise from different cultural attitudes between agro-economic entrepreneurs in rural regions and "hobby farmers" in cities. Finally, as noted in Meijer et al. (2015) , it would be important to gain additional analytical insights into the role that technology diffusion, knowledge acquisition, and cultural attitudes play in impacting agricultural, institutional, and food production practices in rural and urban regions. Studies that incorporate these aspects of the problem into the analysis will increase our understanding of the connections between technology, learning, and the economic growth and development of rural and urban regions. 
